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Casimir effect of electromagnetic field in Randall-Sundrum spacetime
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We study the finite temperature Casimir effect on a pair of parallel perfectly conducting plates
in Randall-Sundrum model without using scalar field analogy. Two different ways of interpreting
perfectly conducting conditions are discussed. The conventional way that uses perfectly conducting
condition induced from 5D leads to three discrete mode corrections. This is very different from the
result obtained from imposing 4D perfectly conducting conditions on the 4D massless and massive
vector fields obtained by decomposing the 5D electromagnetic field. The latter only contains two
discrete mode corrections, but it has a continuum mode correction that depends on the thicknesses
of the plates. It is shown that under both boundary conditions, the corrections to the Casimir force
make the Casimir force more attractive. The correction under 4D perfectly conducting condition
is always smaller than the correction under the 5D induced perfectly conducting condition. These
statements are true at any temperature.
PACS numbers: 11.10.Wx, 11.10.Kk, 11.10.Nx, 04.62.+v.
Keywords: Finite temperature field theory, Casimir effect, Randall-Sundrum spacetime, electromagnetic
field.
I. INTRODUCTION
Recently there has been considerable interest in studying Casimir effect in Randall-Sundrum brane models [1, 2].
A number of works [3–25] have been done from various perspective such as brane stabilization, effective potential,
strength of Casimir force, stress energy tensor, etc. The pioneering work of Casimir [26] shows that there is an
attractive force of magnitude
FCas = −π
2
~cA
240a4
(1)
acting between two parallel perfectly conducting plates with area A and separation distance a. In the last thirty years,
a number of spacetime models with extra dimensions were proposed to solve different fundamental problems in physics.
The prevalence of spacetimes with extra dimensions has motivated research on possible correction to Casimir force
acting between parallel plates due to the existence of extra dimensions. Casimir effect on parallel plates in Kaluza-
Klein spacetime and Randall-Sundrum spacetime were studied in [27–38] and [16–23, 25] respectively. Majority of
these works considered scalar field instead of electromagnetic field since scalar field is much more easier to deal with.
In [16, 18, 21, 27, 28], electromagnetic field were considered but using the scalar field – electromagnetic field analogy
that works in Minskowski spacetime. To yield the correct limit when the size of the extra dimension goes to zero, it
was claimed that for the part corresponding to Casimir effect in 4D, the Casimir energy due to electromagnetic field
is twice the Casimir energy due to scalar field; whereas for the part corresponding to Kaluza-Klein excitations, the
Casimir energy due to electromagnetic field is three times the Casimir energy due to scalar field. However, it is quite
dubious whether such simple relation with scalar field holds especially for warped models. One of the reasons is that
the Kaluza-Klein mode masses for scalar field and electromagnetic field are in general different. Another reason is
that the perfectly conducting condition for 4D massless photons has different generalizations to higher dimensional
massless photons and to 4D massive photons. For simple Kaluza-Klein models such as M4 × S1, where M4 is the
4D Minkowski spacetime, the scalar field – electromagnetic field analogy works if one considers 5D induced perfectly
conducting boundary conditions, but one would obtain three photon polarizations instead of two. In [29], a different
approach has been proposed for computing Casimir effect on perfectly conducting parallel plates in Kaluza-Klein
spacetime M4 × S1. In this approach, the Kaluza-Klein zero mode yields the result of Casimir (1). For the Kaluza-
Klein excitation modes, it was proposed that they should be treated as Proca fields for massive photons, which have
two discrete polarizations and one continuum polarization in the presence of the two perfectly conducting plates.
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2Recall that the spacetime underlying the Randall-Sundrum (RS) model is a 5D anti-de Sitter space (AdS5) with
background metric
ds2 = gµνdx
µdxν = e−2κ|y|ηabdx
adxb − dy2, (2)
where ηab = diag(1,−1,−1,−1) is the usual 4D metric on the Minkowski spacetime M4. In the following, we will use
µ, ν for 5D indices taking values from 0 to 4, and a, b for 4D indices taking values from 0 to 3. The extra dimension
with coordinate y is compactified on the orbifold S1/Z2. The metric of the underlying Minkowski spacetime depends
on the extra dimension through the warped factor e−2κ|y|, where κ determines the degree of curvature of the AdS5
space. There are two 3-branes with equal and opposite tensions, one invisible and one visible, localized at y = 0
and y = πR respectively, where R is the compactification radius of the extra dimension. Z2-symmetry is realized by
y ↔ −y, πR+ y ↔ πR − y.
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FIG. 1: Two parallel perfectly conducting plates with distance a apart.
In this article, we consider the problem of Casimir effect between two parallel perfectly conducting plates in RS
spacetime (see FIG. 1). Two different ways of interpreting perfectly conducting boundary conditions will be discussed.
In the first approach, we treat the two perfectly conducting plates as codimension one hyperplanes in 5D, and the
perfectly conducting boundary condition is the 5D condition directly generalizing the 4D one (see Section II for
details). In the second approach, the electromagnetic field is decomposed into a tower of Kaluza-Klein modes. The
Kaluza-Klein zero mode is treated as 4D massless vector field (Maxwell field) and the other Kaluza-Klein modes
are treated as 4D massive vector fields (Proca fields) in 4D. The perfectly conducting boundary conditions are 4D
conditions for massless and massive photons respectively (see Section III for details). The first approach is in closer
spirit to the approach used in [16, 18, 21, 27, 28], and the second approach is the same as the one applied in [29] for
the corresponding problem in Kaluza-Klein spacetime.
Recall that the zero temperature Casimir energy and the finite temperature Casimir free energy of a system at
temperature T are defined respectively as
ET=0Cas =
1
2
∑
modes
ω,
ECas =− T
∑
modes
ln
{
∞∑
n=0
exp
(
−ω
T
[
n+
1
2
])}
=
1
2
∑
modes
ω + T
∑
modes
ln
(
1− e− ωT ) ,
where ω runs through all nonzero eigenfrequencies of the system. They can be computed using zeta regularization:
ET=0Cas =
1
2
(
FPs=− 1
2
ζ(s) + [logµ2]Ress=− 1
2
ζ(s)
)
,
ECas =− T
2
(
ζ′T (0) + [logµ
2]ζT (0)
)
,
(3)
where µ is a normalization constant, and ζ(s) and ζT (s) are respectively the zeta functions
ζ(s) =
∑
modes
ω−2s, ζT (s) =
∑
modes
∞∑
ℓ=−∞
(
ω2 + [2πℓT ]2
)−s
. (4)
To renormalize the Casimir energy, we will use the following setup which is a generalization of the piston approach.
Consider a system consists of a large rectangular box [0, L1]× [0, L2]× [0, L3] with two plates placed at bl−tl ≤ x1 ≤ bl
3and br ≤ x1 ≤ br + tr, where tl and tr are the thicknesses of the plates and a = br − bl is the distance between the
plates. Let ECas (bl, br, L1) be the Casimir energy of this system. Take another reference system where two plates
are placed at L1/ηl − tl ≤ x1 ≤ L1/ηl and L1/ηr ≤ x1 ≤ L1/ηr + tr, where ηl > ηr > 1. The renormalized Casimir
energy of the parallel plate system is defined as:
E
‖
Cas = lim
L1,bl,br ,L2,L3→∞
ηl,ηr ,a=br−bl fixed
{
ECas (bl, br, L1)− ECas
(
L1
ηl
,
L1
ηr
, L1
)}
. (5)
Namely, the Casimir energy of the reference system is subtracted before letting L1 goes to infinity keeping the distance
between the plates a fixed. See FIG. 2 for a graphical depiction. This approach is equivalent to the conventional
approach of subtracting the Casimir energy in the absence of the plates. For later convenience, let us introduce the
notations d1a = bl − tl, d1b = a, d1c = L1 − br − tr, d2a = L1/ηl − tl, d2b = L1 (1/ηr − 1/ηl) , d2c = L1 − L1/ηr − tr for
the widths of the chambers Ia, Ib, Ic, IIa, IIb and IIc as shown in FIG. 2.
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FIG. 2: The generalized piston approach for renormalization of Casimir energy.
The layout of this article is as follows. In Section II, we consider the Casimir effect on a pair of parallel plates
in RS model with 5D induced perfectly conducting conditions. In Section III, we consider 4D perfectly conducting
conditions. Numerical analysis and comparisons of the results are given in Section IV. In Section V, we discuss briefly
the effect of perturbation by a noncommutativity parameter to the sign of Casimir force.
In this article, we use units where ~ = c = kB = 1.
II. CASIMIR EFFECT WITH 5D INDUCED PERFECTLY CONDUCTING CONDITIONS
In this section, we treat the two parallel plates as codimension one hyperplanes in the 5D spacetime, and impose
the 5D induced perfectly conducting boundary condition on the plates. In 5D vacuum, the bulk action of the
electromagnetic field Fµν = ∂µVν − ∂νVµ is given by
S = −1
4
∫
d4x
∫
dy
√
|g|FµνFµν , (6)
where g = det gµν = e
−8κ|y|. As usual, there is a gauge degree of freedom given by
Vµ 7→ Vµ + dϕ (7)
for an arbitrary function ϕ. The equation of motion is√
|g| −1∂µ
(√
|g|Fµν
)
=
√
|g| −1∂µ
√
|g|gµκgνη (∂κVη − ∂ηVκ) = 0. (8)
The 5D perfectly conducting boundary condition is given by [40]:
nµF ∗µν1ν2
∣∣
interface
= 0. (9)
Here nµ is the spacelike vector normal to the plates, and F ∗µ1µ2µ3 = εµ1µ2µ3νλF
νλ is the 3-form dual to F . Choosing
x1 as the direction normal to the plates, this condition reads as
Fµν |interface = ∂µVν − ∂νVµ|interface = 0 for µ, ν 6= 1. (10)
4This is the generalization of the 4D perfectly conducting condition for massless vector field where the transverse
components of the electric field and the normal component of the magnetic field vanishes on the interfaces between
the vacuum and the plates.
For the one-form Vµdx
µ, there are two different orbifold boundary conditions with respect to the Z2 symmetry [39].
One is Vµdx
µ is even which implies that Va is even and Vy is odd, and the other one is Vµdx
µ is odd which implies
that Va is odd and Vy is even. In the second case, there is no Kaluza-Klein zero mode [41]. Therefore we will only
consider the first case where Va is even and Vy is odd.
To fix the gauge, we impose the Lorentz condition:
0 =
√
|g| −1∂µ
√
|g|V µ = e2κ|y|
(
∂0V0 − ∂1V1 − ∂2V2 − ∂3V3 − e2κ|y|∂ye−4κ|y|Vy
)
. (11)
As in the 4D case, this does not fix the gauge uniquely. One still has the freedom of adding to Vµdx
µ an exact
one-form of the form ∂µφdx
µ which satisfies the equation(
∂20 − ∂21 − ∂22 − ∂23 − e2κ|y|∂ye−4κ|y|∂y
)
φ = 0.
Under the Lorentz condition (11), the equation of motion for Vy (eq. (8) with ν = y) is(
∂20 − ∂21 − ∂22 − ∂23 − ∂ye2κ|y|∂ye−4κ|y|
)
Vy = 0.
Therefore it is consistent to choose φ so that ∂yφ = −Vy. In other words, we can impose the axial gauge Vy = 0. The
Lorentz condition (11) then becomes
∂aV
a = e2κ|y| (∂0V0 − ∂1V1 − ∂2V2 − ∂3V3) = 0. (12)
Such φ is determined up to a function ψ independent of y and satisfying ηab∂a∂bψ = 0. It should be remarked
that axial gauge can be imposed here because we only consider fields that are even under Z2 symmetry. For the
Kaluza-Klein spacetime M4 × S1, one cannot impose the axial gauge [41].
Under the Lorentz gauge (12) and the axial gauge Vy = 0, the equation of motion (8) can be simplified to [39]:(
ηbc∂b∂c − ∂ye−2κ|y|∂y
)
Va = 0. (13)
Consider solutions of (12) and (13) which have the form
Va(x, y) = Aa(x)f(y),
where f(y) is an even function under the Z2 symmetry. Here x = (t, x
1, x2, x3).
A. Kaluza-Klein zero mode. The Kaluza-Klein zero mode is the mode corresponding to f(y) = f0(y) = constant.
In other words, Vµdx
µ is independent of y. In this case, there is still a gauge degree of freedom which can be fixed by
the condition V 00 = 0.
B. Kaluza-Klein nonzero modes. For the nonzero modes, f(y) is not a constant. (13) implies that Aa and f
have to satisfy the system: (
ηbc∂b∂c +m
2
)
Aa = 0,(
∂ye
−2κ|y|∂y +m
2
)
f = 0,
for some Kaluza-Klein mass m. Furthermore, f has to satisfy the following orbifold boundary conditions [39]:
∂yf(y)|y=0,πR = 0.
The solutions are given by [39]:
fn(y) = e
κ|y|
[
J1
(mn
κ
eκ|y|
)
+ bnY1
(mn
κ
eκ|y|
)]
,
5where Jν(z) and Yν(z) are Bessel functions of first and second kind, 0 < m1 < m2 < m3 < . . . are positive solutions
of [
J1
( z
κ
)
+
z
κ
J ′1
( z
κ
)] [
Y1
(
zeπκR
κ
)
+
zeπκR
κ
Y ′1
(
zeπκR
κ
)]
−
[
Y1
( z
κ
)
+
z
κ
Y ′1
( z
κ
)] [
J1
(
zeπκR
κ
)
+
zeπκR
κ
J ′1
(
zeπκR
κ
)]
=
z2eπκR
κ2
(
J0
( z
κ
)
Y0
(
zeπκR
κ
)
− Y0
( z
κ
)
J0
(
zeπκR
κ
))
= 0;
(14)
and
bn = −
J1
(
mn
κ
)
+ mn
κ
J ′1
(
mn
κ
)
Y1
(
mn
κ
)
+ mn
κ
Y ′1
(
mn
κ
) .
Under 5D perfectly conducting boundary conditions, the potential is identically zero inside the plates. In the system
I depicted in FIG. 2, the fields are confined in the three chambers Ia, Ib and Ic independently. In other words, the
field modes are the union of three types of modes, each type is nonzero in one of the chambers and zeros elsewhere.
Therefore, the Casimir energy of system I is the sum of the Casimir energies in the three chambers, namely,
ECas (bl, br, L1) = E
chamber
Cas (d1a) + E
chamber
Cas (d1b) + E
chamber
Cas (d1c),
where EchamberCas (d) is the Casimir energy in a chamber of width d.
For a chamber extended from x1 = 0 and x1 = d, the boundary condition (10) reads as
∂µVν − ∂νVµ|x1=0,b = 0, for µ, ν 6= 1. (15)
For the x2 and x3 direction, we can take L2, L3 →∞ from the beginning. Subjected to the boundary condition (15),
the eigenmodes of the potential are given by:
For the Kaluza-Klein zero mode,
V 00 =0,
V 01 =α1 cos
πkx1
d
eik2x
2+ik3x
3−iωt,
V 02 =α2 sin
πkx1
d
eik2x
2+ik3x
3−iωt,
V 03 =α3 sin
πkx1
d
eik2x
2+ik3x
3−iωt,
k = 0, 1, 2, . . . , (16)
subjected to the condition
− πk
d
α1 + iα2k2 + iα3k3 = 0. (17)
The dispersion relation is
ω2 =
(
πk
d
)2
+ k2⊥,
where k⊥ =
√
k22 + k
2
3 . (17) shows that there are two polarizations in this case.
For the Kaluza-Klein excitation modes,
V n0 =α0 sin
πkx1
d
eik2x
2+ik3x
3−iωtfn(y),
V n1 =α1 cos
πkx1
d
eik2x
2+ik3x
3−iωtfn(y),
V n2 =α2 sin
πkx1
d
eik2x
2+ik3x
3−iωtfn(y),
V n3 =α3 sin
πkx1
d
eik2x
2+ik3x
3−iωtfn(y),
k = 0, 1, 2, . . . ,
6subjected to the condition
iωα0 − πk
d
α1 + iα2k2 + iα3k3 = 0. (18)
The dispersion relation is
ω2 =
(
πk
d
)2
+ k2⊥ +m
2
n.
(18) shows that there are three polarizations in this case.
To compute the Casimir energy in a chamber, we use zeta regularization (3). Denote by A = L2L3, the finite
temperature zeta function ζchamberT (s; d) for a chamber of width d is given by
ζchamberT (s; d)
=
A
2π
∫ ∞
0

h0 ∞∑
ℓ=−∞
∞∑
k=0
′′
([
πk
d
]2
+ k2⊥ + [2πℓT ]
2
)−s
+ h
∞∑
n=1
∞∑
ℓ=−∞
∞∑
k=0
([
πk
d
]2
+ k2⊥ +m
2
n + [2πℓT ]
2
)−s k⊥dk⊥,
where h0 = 2 and h = 3 are the number of polarizations for the Kaluza-Klein zero mode and Kaluza-Klein excitation
modes respectively; and double prime ′′ means that for ℓ = 0, the term k = 0 is omitted. Integrating out k⊥, we find
that
ζchamberT (s; d) =
A
4π(s− 1)

h0 ∞∑
ℓ=−∞
∞∑
k=0
′′
([
πk
d
]2
+ [2πℓT ]2
)1−s
+ h
∞∑
n=1
∞∑
ℓ=−∞
∞∑
k=0
([
πk
d
]2
+m2n + [2πℓT ]
2
)1−s
=
A
4π(s− 1)

h0 ∞∑
k=1
(
πk
d
)2−2s
+ h0
∞∑
ℓ=1
(2πℓT )
2−2s
+ 2h0
∞∑
ℓ=1
∞∑
k=0
′
([
πk
d
]2
+ [2πℓT ]2
)1−s
+
h
2
∞∑
n=1
∞∑
ℓ=−∞
(
m2n + [2πℓT ]
2
)1−s
+ h
∞∑
n=1
∞∑
ℓ=−∞
∞∑
k=0
′
([
πk
d
]2
+m2n + [2πℓT ]
2
)1−s
=Y0(s) + Ah0
4π(s− 1)
(π
d
)2−2s
ζR(2s− 2) + h0Z1(s; d) + h
∞∑
n=1
Z2(s,mn; d),
where prime ′ means that the term with k = 0 is multiplied by a factor one-half; ζR(s) is the Riemann zeta function
ζR(s) =
∞∑
n=1
n−s;
Y0(s) = A
4π(s− 1)
(
h0 (2πT )
2−2s
ζR(2s− 2) + h
2
∞∑
n=1
∞∑
ℓ=−∞
(
m2n + [2πℓT ]
2
)1−s)
is independent of d;
Z1(s; d) = A
2π(s− 1)
∞∑
ℓ=1
∞∑
k=0
′
([
πk
d
]2
+ [2πℓT ]2
)1−s
;
and
Z2(s,mn; d) = A
4π(s− 1)
∞∑
ℓ=−∞
∞∑
k=0
′
([
πk
d
]2
+m2n + [2πℓT ]
2
)1−s
.
Using the formula
∞∑
k=0
′ exp
(
−t
[
πk
d
]2)
=
d√
πt
∞∑
k=0
′ exp
(
−k
2d2
t
)
,
7we find that
Z1(s; d) = A
2πΓ(s)
∫ ∞
0
ts−2
∞∑
ℓ=1
∞∑
k=0
′ exp
{
−t
([
πk
d
]2
+ [2πℓT ]2
)}
dt
=
Ad
2π
3
2Γ(s)
∫ ∞
0
ts−
5
2
∞∑
ℓ=1
∞∑
k=0
′ exp
{
−t(2πℓT )2 − k
2d2
t
}
dt
=
Ad
4π
3
2
Γ
(
s− 32
)
Γ(s)
(2πT )3−2sζR(2s− 3) + Ad
π
3
2Γ(s)
∞∑
l=1
∞∑
k=1
(
kd
2πℓT
)s− 3
2
Ks− 3
2
(4πlkdT ) ,
where Kν(z) is the modified Bessel function of second kind. Similarly,
Z2(s,mn; d) = Ad
4π
3
2
Γ
(
s− 32
)
Γ(s)
∞∑
l=0
′
(
m2n + [2πℓT ]
2
) 3
2
−s
+
Ad
π
3
2Γ(s)
∞∑
l=0
′
∞∑
k=1
(
kd√
m2n + [2πℓT ]
2
)s− 3
2
Ks− 3
2
(
2kd
√
m2n + [2πℓT ]
2
)
.
Therefore,
ζchamberT (s; d) =Y0(s) + dY1(s) +
Ah0
4πΓ(s)
(π
d
)2−2s
Γ(s− 1)ζR(2s− 2) + Ah0d
π
3
2Γ(s)
∞∑
l=1
∞∑
k=1
(
kd
2πℓT
)s− 3
2
Ks− 3
2
(4πlkdT )
+
Ahd
π
3
2Γ(s)
∞∑
n=1
∞∑
l=0
′
∞∑
k=1
(
kd√
m2n + [2πℓT ]
2
)s− 3
2
Ks− 3
2
(
2kd
√
m2n + [2πℓT ]
2
)
,
(19)
where
Y1(s) = Ah0
4π
3
2
Γ
(
s− 32
)
Γ(s)
(2πT )3−2sζR(2s− 3) + Ah
4π
3
2
Γ
(
s− 32
)
Γ(s)
∞∑
l=0
′
(
m2n + [2πℓT ]
2
) 3
2
−s
is also independent of d. Notice that 1/Γ(s) has a zero at s = 0, and
Γ(s− 1)ζR(2s− 2) = π2s− 52Γ
(
3
2
− s
)
ζR(3− 2s)
only has poles at s = 1 and s = 3/2. Therefore, the nontrivial contribution to ζchamberT (0; d) (19) only comes from the
first two terms, i.e.,
ζchamberT (0; d) = Y0(0) + dY1(0),
which depends on d linearly. Moreover,
ζchamber′T (0; d) =Y ′0(0) + dY ′1(0) +
Ah0
8π
ζR(3)
d2
+
2
√
2Ah0T
3
2√
d
∞∑
l=1
∞∑
k=1
(
ℓ
k
) 3
2
K 3
2
(4πlkdT )
+
Ah
π
3
2
√
d
∞∑
n=1
∞∑
l=0
′
∞∑
k=1
(√
m2n + [2πℓT ]
2
k
) 3
2
K 3
2
(
2kd
√
m2n + [2πℓT ]
2
)
.
(20)
The first two terms are linear in d and the other terms go to zero when d → ∞. The finite temperature Casimir
energy in the chamber of width d is then given by
EchamberCas (d) = −
T
2
(
ζchamber′T (0) + [logµ
2]ζchamberT (0)
)
.
8Applying the renormalization scheme described in Section I, we find that the renormalized Casimir energy of the
parallel plate system with 5D induced perfectly conducting condition is given by
E
‖
Cas,5D = lim
L1,bl,br,L2,L3→∞
ηl,ηr,a=br−bl fixed
{
EchamberCas (d1a)+E
chamber
Cas (d1b)+E
chamber
Cas (d1c)−EchamberCas (d2a)−EchamberCas (d2b)−EchamberCas (d2c)
}
.
(21)
The terms that are linear in d in EchamberCas (d) will cancel since d1a + d1b + d1c = d2a + d2b + d2c = L1 − tl − tr. The
other terms in EchamberCas (d) goes to zero when d → ∞. Since the limits L1, bl, br → ∞ with ηl, ηr and a fixed is the
same as letting d1a, d1c, d2a, d2b, d2c go to infinity but keeping d1b = a fixed, only the part of E
chamber
Cas (d1b) that goes
to zero when d1b →∞ remains in the renormalized Casimir energy (21), which gives
E
‖
Cas,5D =E
‖
Cas,0 + hE
‖
Cas,1, (22)
where
E
‖
Cas,0 = −
AT
8π
ζR(3)
a2
− 2
√
2AT
5
2√
a
∞∑
l=1
∞∑
k=1
(
ℓ
k
) 3
2
K 3
2
(4πlkaT ) , (23)
and
E
‖
Cas,1 = −
AT
2π
3
2
√
a
∞∑
n=1
∞∑
l=0
′
∞∑
k=1
(√
m2n + [2πℓT ]
2
k
) 3
2
K 3
2
(
2ka
√
m2n + [2πℓT ]
2
)
. (24)
Since Kν(z) is positive for positive z and ζR(z) is positive for z > 1, the Casimir energy is always negative. The term
E
‖
Cas,0 is the finite temperature Casimir energy for a pair of parallel perfectly conducting plates in 4D Minkowski
spacetime. The finite temperature Casimir force acting on the parallel plates with 5D induced perfectly conducting
condition is given by
F
‖
Cas,5D =−
∂E
‖
Cas
∂a
= F
‖
Cas,0 + hF
‖
Cas,1,
(25)
where
F
‖
Cas,0 =−
AT
4π
ζR(3)
a3
− 4
√
2AT
5
2
a
3
2
∞∑
l=1
∞∑
k=1
(
ℓ
k
) 3
2
K 3
2
(4πlkaT )− 8π
√
2AT
7
2√
a
∞∑
l=1
∞∑
k=1
ℓ
5
2
k
1
2
K 1
2
(4πlkaT ) ,
F
‖
Cas,1 =−
AT
π
3
2 a
3
2
∞∑
n=1
∞∑
l=0
′
∞∑
k=1
(√
m2n + [2πℓT ]
2
k
) 3
2
K 3
2
(
2ka
√
m2n + [2πℓT ]
2
)
− AT
π
3
2
√
a
∞∑
n=1
∞∑
l=0
′
∞∑
k=1
(√
m2n + [2πℓT ]
2
) 5
2
k
1
2
K 1
2
(
2ka
√
m2n + [2πℓT ]
2
)
.
(26)
The term F
‖
Cas,0 is the finite temperature Casimir force acting on a pair of 4D perfectly conducting plates [42]. The
term hF
‖
Cas,1 is the correction due to extra dimension. Both F
‖
Cas,0 and F
‖
Cas,1 are always negative. Therefore, the
Casimir force due to 5D perfectly conducting condition is always attractive, and have larger magnitude than the
Casimir force in the 4D Minkowski spacetime. It is also easy to verify that the Casimir force is a decreasing function
of the plate separation a.
By taking the limit T → 0 of (22) using
T
∞∑
ℓ=0
′f(2πℓT )
T→0−−−→ 1
2π
∫ ∞
0
f(ξ)dξ, (27)
9and ∫ ∞
0
ξ
3
2K 3
2
(2αξ) =
√
π
4α
5
2
,
∫ ∞
0
(
ξ2 +m2
) 3
4 K 3
2
(
2α
√
ξ2 +m2
)
dξ =
α
3
2
2
∫ ∞
0
∫ ∞
0
t
1
2 exp
(
−ξ
2 +m2
t
− tα2
)
dtdξ
=
√
πα
3
2
4
∫ ∞
0
t exp
(
−m
2
t
− tα2
)
dt
=
√
πm2
2α
1
2
K2 (2αm) ,
we find that the zero temperature Casimir energy under 5D induced perfectly conducting condition is given by
E
‖,T=0
Cas,5D =−
Ah0π
2
1440a3
− Ah
8π2a
∞∑
n=1
∞∑
k=1
(mn
k
)2
K2 (2kamn) . (28)
It follows that the zero temperature Casimir force under 5D induced perfectly conducting condition is equal to
F
‖,T=0
Cas,5D =−
Ah0π
2
480a4
− 3Ah
8π2a2
∞∑
n=1
∞∑
k=1
(mn
k
)2
K2 (2kamn)− Ah
4π2a
∞∑
n=1
∞∑
k=1
m3n
k
K1 (2kamn) . (29)
Under 5D induced perfectly conducting conditions, the zero temperature Casimir energy (28) and zero temperature
Casimir force (29) for electromagnetic field are similar to the results obtained in [16]. However, one should note that
the equation determining the Kaluza-Klein masses mn for electromagnetic field (14) is different from the equation
determining the Kaluza-Klein masses for scalar field [39], and they satisfy different asymptotic behaviors.
III. CASIMIR EFFECT WITH 4D PERFECTLY CONDUCTING CONDITIONS
In this section, we treat the two parallel perfectly conducting plates as 4D plates. Instead of the action in vacuum
(6), we incorporate a conserve current Kµ and the 5D bulk action becomes
S = −
∫
d4x
∫
dy
√
|g|
(
1
4
FµνF
µν +KµAµ
)
.
The equation of motion is then given by
√
|g| −1∂µ
(√
|g|Fµν
)
=
√
|g| −1∂µ
√
|g|gµκgνη (∂κVη − ∂ηVκ) = Kν . (30)
Conservation law for Kµ implies that
√
|g| −1∂µ
(√
|g|Kµ
)
= 0.
It is understood that Kµ = 0 in vacuum. Since the plates are 4D objects, we also impose the condition Ky = 0.
Then as in the previous section, we can impose the Lorentz gauge and the axial gauge Vy = 0. Writing Va and Ka
in the form Va(x, y) = Aa(x)f(y) and Ka(x, y) = Ja(x)f(y)e
2κ|y|, we find as in previous section that Kaluza-Klein
decomposition gives rise to a tower of fields Anadx
a, n = 0, 1, 2, . . ., satisfying(
ηbc∂b∂c +m
2
n
)
Ana =
(
∂20 − ∂21 − ∂22 − ∂23 +m2n
)
Ana = J
n
a , (31)
subject to the Lorentz condition
∂a (A
n)a = ∂0A
n
0 − ∂1An1 − ∂2An2 − ∂3An3 = 0 (32)
and the conservation law
∂a (J
n)
a
= ∂0J
n
0 − ∂1Jn1 − ∂2Jn2 − ∂3Jn3 = 0. (33)
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By convention, n = 0 refers to the zero mode and m0 = 0.
Let us forget the superscript n for the moment. Denote by φ and A = (A1, A2, A3) the potentials with φ = A0,
A1 = −A1, A2 = −A2, A3 = −A3. Let E = (E1, E2, E3) and B = (B1, B2, B3) be the electric and magnetic fields
with
B = ∇×A, E = −∂A
∂t
−∇φ.
Then
E1 =∂0A1 − ∂1A0, E2 = ∂0A2 − ∂2A0, E3 = ∂0A3 − ∂3A0,
B1 =∂3A2 − ∂2A3, B2 = ∂1A3 − ∂3A1, B3 = ∂2A1 − ∂1A2;
and one obtains immediately two of the Maxwell’s equations:
∇ ·B = 0, ∇×E+ ∂B
∂t
= 0.
Let ρ and J = (J1, J2, J3) be the free charges and free currents with ρ = J0, J
1 = −J1, J2 = −J2 and J3 = −J3. The
equation of motion (31) and the Lorentz condition (32) imply the equations
∇ · E+m2φ = ρ, ∇×B− ∂E
∂t
+m2A = J, (34)
which are generalizations of the remaining two Maxwell’s equations by Proca [43], called Proca equations. The Casimir
effect on perfectly conducting plates due to Proca field (massive vector field) has been studied by Barton and Dombey
[44, 45] (see also our work [46]). As mentioned before, ρ = 0 and J = 0 in vacuum. For the plates, assume that they
are ohmic conductors, i.e.,
J = σE,
where σ is the conductivity. Perfectly conducting condition amounts to taking the limit σ → ∞. With J = σE, we
have
J1 =σ (∂1A0 − ∂0A1) , J2 = σ (∂2A0 − ∂0A2) , J3 = σ (∂3A0 − ∂0A3) ;
and the component J0 is determined from the continuity equation (33). Under the assumption Aa(x) = Aˆa(x)e
−iωt,
Ja(x) = Jˆa(x)e
−iωt, where x = (x1, x2, x3), we find that
J0 = − iσ
ω
(
∂20 − ∂21 − ∂22 − ∂23
)
A0.
The equation of motion can then be rewritten as(
1 +
iσ
ω
)(
∂20 − ∂21 − ∂22 − ∂23
)
An0 +m
2
nA
n
0 =0,(
∂20 + σ∂0 − ∂21 − ∂22 − ∂23
)
Anj +m
2
nA
n
j =σ∂jA
n
0 , j = 1, 2, 3.
For nonzero σ, the plane waves solutions Ana = cae
ik1x
1+ik2x
2+ik3x
3
of these equations can be divided into transverse
waves with ∇ ·A = −(∂1A1 + ∂2A2 + ∂3A3) = 0 and A0 = 0 and longitudinal waves with ∇×A = 0. The dispersion
relations for the transverse waves and longitudinal waves are given respectively by
ω2
(
1 +
iσ
ω
)
= k21 + k
2
⊥ +m
2
n (35)
and
ω2 = k21 + k
2
⊥ +
m2
1 + iσ
ω
.
In the perfect conductor limit (σ → ∞), it follows from (35) that the eigenfrequency ω of the transverse modes has
to be zero, i.e., no transverse modes can exist in perfectly conducting materials. However, longitudinal modes with
ω2 = k21 + k
2
⊥
11
can exist in perfectly conducting objects.
Returning to the system of parallel perfectly conducting plates. For the boundary conditions, one requires the
electric field and magnetic field to vanish inside the perfectly conducting plates. However, in the massive sector,
the potentials φ and A or equivalently, the one form Aadx
a, do not have to vanish inside the plates. On the other
hand, one also need to impose the conditions that all the components of Aadx
a being continuous on the interfaces
[44, 45, 47]. The Lorentz condition (32) then implies that ∂1A1 is also continuous. The eigenmodes can then be
divided into two types: the discrete modes and the continuum mode. The discrete modes have two polarizations
called type 1 and type 2 discrete modes. They are those modes where Aadx
a vanishes inside the perfectly conducting
plates. When m 6= 0, there is a nontrivial continuum mode where Aadxa does not vanish inside the plates.
For type 1 or type 2 discrete modes, since Aadx
a vanishes identically in the perfectly conducting plates, the modes
in the three chambers of system I in FIG. 2 are independent. Therefore, as in the previous section, the contribution
to the Casimir energy of system I from the discrete modes is the sum of the contributions from the three chambers.
In a chamber extended from x1 = 0 to x1 = d, the discrete modes of type I are given by
An,10 =0,
An,11 =0,
An,12 =− k3 sin
πkx1
d
eik2x
2+ik3x
3−iωt,
An,13 =k2 sin
πkx1
d
eik2x
2+ik3x
3−iωt,
k = 1, 2, . . . ;
and the discrete modes of type II are given by
An,20 =−
k2⊥
ω
sin
πkx1
d
eik2x
2+ik3x
3−iωt,
An,21 =0,
An,22 =k2 sin
πkx1
d
eik2x
2+ik3x
3−iωt,
An,23 =k3 sin
πkx1
d
eik2x
2+ik3x
3−iωt,
k = 1, 2, . . . .
For both types of discrete modes,
ω2 =
(
πk
d
)2
+ k2⊥ +m
2
n.
The discrete mode contribution to the Casimir energy of the parallel plate system can be computed as in the previous
section. In fact, the only differences now are that: (a) we have two discrete polarizations for both massless and massive
sectors, compared to two discrete polarizations for massless sector and three discrete polarizations for massive sector
in the previous section; and (b) k starts from one instead of zero. However, the modes corresponding to k = 0 does
not depend on d. Therefore, they will be canceled out after subtracting the corresponding Casimir energy of the
reference system (system II). As a result, it is easy to see that the contribution to the renormalized Casimir energy
of the parallel plate system from the discrete modes is given by (22) with the replacement h = 3→ h0 = 2, i.e.,
E
‖,discrete
Cas =E
‖
Cas,0 + h0E
‖
Cas,1, (36)
which is again always negative. The discrete mode contribution to the Casimir force is given by (25) with the
replacement h→ h0, namely,
F
‖,discrete
Cas = F
‖
Cas,0 + h0F
‖
Cas,1,
which is again always attractive. The discrete mode contribution to the zero temperature Casimir energy and zero
temperature Casimir force are given by (28) and (29) respectively with the replacement h→ h0.
For the continuum modes, Aadx
a can have longitudinal modes inside the plates. Therefore, Aadx
a are not inde-
pendent in each chamber of the system I and in the plates. In the chambers Ia, Ib, Ic, the modes can be written
12
as
An,30 =− ωpn
(
Cnj e
ipnx
1
+Dnj e
−ipnx
1
)
eik2x
2+ik3x
3−iωt,
An,31 =p
2
0
(
Cnj e
ipnx
1 −Dnj e−ipnx
1
)
eik2x
2+ik3x
3−iωt,
An,32 =pnk2
(
Cnj e
ipnx
1
+Dnj e
−ipnx
1
)
eik2x
2+ik3x
3−iωt,
An,33 =pnk3
(
Cnj e
ipnx
1
+Dnj e
−ipnx
1
)
eik2x
2+ik3x
3−iωt,
where j = 1, 3, 5 for x in Ia, Ib, Ic respectively; and
ω2 = p20 + k
2
⊥ = p
2
n + k
2
⊥ +m
2
n.
In the left and right plates,
An,30 =− ω
(
Cnj e
ip0x
1
+Dnj e
−ip0x
1
)
eik2x
2+ik3x
3−iωt,
An,31 =p0
(
Cnj e
ip0x
1 −Dnj e−ip0x
1
)
eik2x
2+ik3x
3−iωt,
An,32 =k2
(
Cnj e
ip0x
1
+Dnj e
−ip0x
1
)
eik2x
2+ik3x
3−iωt,
An,33 =k3
(
Cnj e
ip0x
1
+Dnj e
−ip0x
1
)
eik2x
2+ik3x
3−iωt,
where j = 2, 4 for x in the left and right plates respectively. It can be readily check that the electric and magnetic
fields E and B indeed vanish inside the plates. For notational convenience, let us denote by a1 = bl− tl, a2 = bl, a3 =
br, a4 = br + tr the x
1-coordinates of the boundaries of the plates, and a0 = 0, a5 = L1 the x
1-coordinates of the left
end and right end of the system. The continuities of An0 , A
n
1 , A
n
2 , A
n
3 imply the following equations:{
pn
(
Cn1 e
ipna1 +Dn1 e
−ipna1
)
= Cn2 e
ip0a1 +Dn2 e
−ip0a1
p0
(
Cn1 e
ipna1 −Dn1 e−ipna1
)
= Cn2 e
ip0a1 −Dn2 e−ip0a1
,
{
pn
(
Cn3 e
ipna2 +Dn3 e
−ipna2
)
= Cn2 e
ip0a2 +Dn2 e
−ip0a2
p0
(
Cn3 e
ipna2 −Dn3 e−ipna2
)
= Cn2 e
ip0a2 −Dn2 e−ip0a2
,
{
pn
(
Cn3 e
ipna3 +Dn3 e
−ipna3
)
= Cn4 e
ip0a3 +Dn4 e
−ip0a3
p0
(
Cn3 e
ipna3 −Dn3 e−ipna3
)
= Cn4 e
ip0a3 −Dn4 e−ip0a3
,
{
pn
(
Cn5 e
ipna4 +Dn5 e
−ipna4
)
= Cn4 e
ip0a4 +Dn4 e
−ip0a4
p0
(
Cn5 e
ipna4 −Dn5 e−ipna4
)
= Cn4 e
ip0a4 −Dn4 e−ip0a4
.
(37)
We also need to impose some boundary conditions on the artificial boundaries at x1 = a0 and x
1 = a5. We can
impose the conditions E2 and E3 vanish on these boundaries, which give
Cn1 e
ipna0 +Dn1 e
−ipna0 = 0, Cn5 e
ipna5 +Dn5 e
−ipna5 = 0. (38)
(37) and (38) give rise to altogether ten linear equations of the ten unknowns Cn1 , D
n
1 , . . . , C
n
5 , D
n
5 which can be written
in a matrix form Nn(C
n
1 D
n
1 . . . C
n
5 D
n
5 )
T = (0 . . . 0)T , where Nn is a ten by ten matrix. The eigenfrequencies ω
of continuum modes are those ω that give rise to nontrivial solutions of (Cn1 D
n
1 . . . C
n
5 D
n
5 )
T . Therefore, they are
solutions of detNn = 0. Similar computations as in [46] show that this is equivalent to
Fn(ω; k⊥) =
[(
(pn + p0)
2 e−ip0tl − (pn − p0)2 eip0tl
)
e−ipnd1a − (p2n − p20) (e−ip0tl − eip0tl) eipnd1a]
×
[(
(pn + p0)
2
e−ip0tr − (pn − p0)2 eip0tr
)
e−ipnd1c − (p2n − p20) (e−ip0tr − eip0tr) eipnd1c] e−ipnd1b
−
[(
(pn + p0)
2
eip0tl − (pn − p0)2 e−ip0tl
)
eipnd1a − (p2n − p20) (eip0tl − e−ip0tl) e−ipnd1a]
×
[(
(pn + p0)
2 eip0tr − (pn − p0)2 e−ip0tr
)
eipnd1c − (p2n − p20) (eip0tr − e−ip0tr) e−ipnd1c] eipnd1b = 0,
where pn = pn(ω, k⊥) =
√
ω2 − k2⊥ −m2n. When n = 0, Fn(ω, k⊥) reduces to
F0(ω, k⊥) = 16p
4
0
(
e−ip0L1 − eip0L1) .
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The finite temperature zeta function ζcont, IT (s) of continuum modes is given by
ζcont, IT (s) =
A
π
∞∑
n=0
∞∑
ℓ=0
′
∫ ∞
0
∑
ω>0
(
ω2 + [2πℓT ]2
)−s
Resω
d
dω
lnFn(ω; k⊥)k⊥dk⊥.
To evaluate the sum over residues under the integral sign, we need the generalized Abel-Plana summation formula
[48–50] which states that: If f0(z), f+(z) and f−(z) are meromorphic functions that does not have poles on the real
and imaginary axes, and
lim
Y→∞
∫ ∞
0
{
f0(x+ iY )− f+(x+ iY )
}
dx = 0, lim
X→∞
∫ ∞
0
{
f0(X + iy)− f+(X + iy)
}
dy = 0,
lim
Y→∞
∫ ∞
0
{
f0(x− iY )− f−(x− iY )
}
dx = 0, lim
X→∞
∫ ∞
0
{
f0(X − iy)− f−(X − iy)
}
dy = 0,
(39)
then ∑
Re z≥0
Reszf0(z)−
∑
Re z≥0
Im z≥0
Reszf+(z)−
∑
Re z≥0
Im z≤0
Reszf−(z)
=− 1
2π
∫ ∞
0
{
f0(iy)− f+(iy)
}
dy − 1
2π
∫ ∞
0
{
f0(−iy)− f−(−iy)
}
dy − 1
2πi
∫ ∞
0
{
f+(x)− f−(x)
}
dx.
(40)
Setting
fn,0(z, k⊥) =
∞∑
ℓ=0
′
(
z2 + [2πℓT ]2
)−s d
dz
lnFn (z, k⊥) ,
fn,±(z, k⊥) =
∞∑
ℓ=0
′
(
z2 + [2πℓT ]2
)−s d
dz
ln
{
(pn + p0)
4e∓ipn(d1a+d1b+d1c)∓ip0(tl+tr)
}
,
it is easy to verify that the conditions in (39) are satisfied. Therefore, (40) implies that
ζcont, IT (s) =Λ
I
T,1(s) + Λ
I
T,2(s),
where
ΛIT,1(s) =
A
π2
∞∑
n=0
∞∑
ℓ=0
′
∫ ∞
0
{
(d1a + d1b + d1c)
∫ ∞
√
k2
⊥
+m2
n
(
x2 + [2πℓT ]2
)−s√
x2 − k2⊥ −m2n
dx+ (tl + tr)
∫ ∞
k⊥
(
x2 + [2πℓT ]2
)−s√
x2 − k2⊥
dx
}
k⊥dk⊥,
and
ΛIT,2(s) =
A sinπs
π2
∞∑
n=0
∞∑
ℓ=0
′
∫ ∞
0
∫ ∞
2πℓT
(
ξ2 − [2πℓT ]2)−s d
dξ
ln ΞI(ξ, k⊥)dξk⊥dk⊥,
ΞI(ξ, k⊥) =
[(
1−∆2ne−2q0tl
)−∆n (1− e−2q0tl) e−2qnd1a] [(1−∆2ne−2q0tr)−∆n (1− e−2q0tr) e−2qnd1c] ,
− [∆n (1− e−2q0tl)− (∆2n − e−2q0tl) e−2qnd1a] [∆n (1− e−2q0tr)− (∆2n − e−2q0tr) e−2qnd1c] e−2qnd1b ,
qn =
√
ξ2 + k2⊥ +m
2
n, ∆n =
qn − q0
qn + q0
.
(41)
It is easy to see that ΞI(ξ, k⊥) goes to zero exponentially fast when ξ → ∞ or k⊥ → ∞. Therefore the integral in
ΛIT,2(s) is an analytic function of s for all s < 1/2. Because of the factor sinπs, we find that ΛT,2(0) = 0. Therefore,
ζcont, IT (0) = Λ
I
T,1(0), ζ
cont, I ′
T (0) = Λ
I ′
T,1(0) + Λ
I ′
T,2(0),
and the continuum mode contribution to the Casimir energy in the system I in FIG. 2 is
EI, contCas = −
T
2
(
ζcont, I ′T (0) + [logµ
2]ζcont, IT (0)
)
.
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The corresponding Casimir energy for system II, EII, contCas , is obtained from E
I, cont
Cas by replacing d1a, d1b and d1c by
d2a, d2b and d2c respectively. The contribution of the continuum modes to the renormalized Casimir energy of the
parallel plate system is given by the limit
E
‖,cont
Cas = lim
d1a,d1c,d2a,d2b,d2c→∞
d1b=a fixed
(
EI, contCas − EII, contCas
)
.
Since d1a+d1b+d1c = d2a+d2b+d2c = L1− tl− tr, we find that ΛIT,1(s) = ΛIIT,1(s). Therefore, the contribution to the
Casimir energy from the ΛT,1 terms are the same for the two systems, and therefore cancel out after the subtraction.
Consequently,
E
‖,cont
Cas =−
T
2
lim
d1a,d1c,d2a,d2b,d2c→∞
d1b=a fixed
(
ΛI ′T,2(0)− ΛII ′T,2(0)
)
=− AT
2π
∞∑
n=0
∞∑
ℓ=0
′ lim
d1a,d1c,d2a,d2b,d2c→∞
d1b=a fixed
∫ ∞
0
∫ ∞
2πℓT
d
dξ
ln
ΞI(ξ, k⊥)
ΞII(ξ, k⊥)
dξk⊥dk⊥
=− AT
2π
∞∑
n=0
∞∑
ℓ=0
′
∫ ∞
0
∫ ∞
2πℓT
d
dξ
ln
{
1− ∆
2
n
(
1− e−2q0tl) (1− e−2q0tr)
(1−∆2ne−2q0tl) (1−∆2ne−2q0tr )
e−2qn(ξℓ,k⊥)a
}
dξk⊥dk⊥
=
AT
2π
∞∑
n=0
∞∑
ℓ=0
′
∫ ∞
0
ln
{
1− ∆
2
n(ξℓ, k⊥)
(
1− e−2q0(ξℓ,k⊥)tl) (1− e−2q0(ξℓ,k⊥)tr)(
1−∆n(ξℓ, k⊥)2e−2q0(ξℓ,k⊥)tl
) (
1−∆n(ξℓ, k⊥)2e−2q0(ξℓ,k⊥)tr
)e−2qn(ξℓ,k⊥)a
}
k⊥dk⊥,
(42)
where ξℓ = 2πℓT . Notice that
∆n(ξ, k⊥) =
qn(ξ, k⊥)− q0(ξ, k⊥)
qn(ξ, k⊥) + q0(ξ, k⊥)
=
√
ξ2 + k2⊥ +m
2
n −
√
ξ2 + k2⊥√
ξ2 + k2⊥ +m
2
n +
√
ξ2 + k2⊥
. (43)
Therefore, ∆0 ≡ 0 and we can start the summation over n from n = 1 instead of n = 0. On the other hand, (43)
shows that 0 ≤ ∆n(ξ, k⊥) < 1 for all real ξ and k⊥. From this, one can verify that
0 <
∆2n(ξ, k⊥)
(
1− e−2q0(ξ,k⊥)tl) (1− e−2q0(ξ,k⊥)tr)(
1−∆n(ξ, k⊥)2e−2q0(ξ,k⊥)tl
) (
1−∆n(ξ, k⊥)2e−2q0(ξ,k⊥)tr
) ≤ 1. (44)
Hence the continuum mode contribution to the Casimir energy of the parallel plate system E
‖,cont
Cas is also always
negative. The continuum mode contribution to the Casimir force is
F
‖,cont
Cas = −
∂E
‖,cont
Cas
∂a
=− AT
π
∞∑
n=1
∞∑
ℓ=0
′
∫ ∞
0
qn(ξℓ, k⊥)
{(
1−∆n(ξℓ, k⊥)2e−2q0(ξℓ,k⊥)tl
) (
1−∆n(ξℓ, k⊥)2e−2q0(ξℓ,k⊥)tr
)
∆2n(ξℓ, k⊥)
(
1− e−2q0(ξℓ,k⊥)tl) (1− e−2q0(ξℓ,k⊥)tr) e2qn(ξℓ,k⊥)a − 1
}−1
k⊥dk⊥,
(45)
which is always attractive. By taking the T → 0 limit of (42) and (45) using (27), we find that the continuum mode
contribution to the zero temperature Casimir energy and zero temperature Casimir force are given respectively by
E
‖,cont,T=0
Cas =
A
4π2
∞∑
n=0
∫ ∞
0
∫ ∞
0
ln
{
1− ∆
2
n(ξ, k⊥)
(
1− e−2q0(ξ,k⊥)tl) (1− e−2q0(ξ,k⊥)tr)(
1−∆n(ξ, k⊥)2e−2q0(ξ,k⊥)tl
) (
1−∆n(ξ, k⊥)2e−2q0(ξ,k⊥)tr
)e−2qn(ξ,k⊥)a
}
dξk⊥dk⊥;
and
F
‖,cont,T=0
Cas
=− A
2π2
∞∑
n=1
∫ ∞
0
∫ ∞
0
qn(ξ, k⊥)
{(
1−∆n(ξ, k⊥)2e−2q0(ξ,k⊥)tl
) (
1−∆n(ξ, k⊥)2e−2q0(ξ,k⊥)tr
)
∆2n(ξ, k⊥)
(
1− e−2q0(ξ,k⊥)tl) (1− e−2q0(ξ,k⊥)tr) e2qn(ξ,k⊥)a − 1
}−1
dξk⊥dk⊥.
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Collecting together the contribution from the discrete modes, we find that the Casimir force acting on a pair of
parallel plates under 4D perfectly conducting condition is given by
F
‖
Cas,4D =F
‖
Cas,0 + 2F
‖
Cas,1 + F
‖,cont
Cas . (46)
Since each of the terms F
‖
Cas,0, F
‖
Cas,1 and F
‖,cont
Cas is negative, we see that the Casimir force due to 4D perfectly con-
ducting condition is always attractive and have larger magnitude than the Casimir force in 4D Minkowski spacetime.
Compare to the Casimir force due to 5D induced perfectly conducting condition (25), we find that their difference is
F
‖
Cas,5D − F ‖Cas,4D = F ‖Cas,1 − F ‖,contCas .
The inequality (44) implies that
∣∣∣F ‖,contCas ∣∣∣ = −F ‖,contCas ≤ ATπ
∞∑
n=1
∞∑
ℓ=0
′
∫ ∞
0
qn(ξℓ, k⊥)
e2qn(ξℓ,k⊥)a − 1k⊥dk⊥. (47)
It is elementary to verify that the right hand side of (47) is exactly equal to −F ‖Cas,1 =
∣∣∣F ‖Cas,1∣∣∣. Therefore, we find
that the magnitude of the Casimir force due to 5D induced perfectly conducting condition is always larger than the
magnitude of the Casimir force due to 4D perfectly conducting condition.
A fundamental difference between the Casimir effect due to 5D induced perfectly conducting condition and the
Casimir force due to 4D perfectly conducting condition is that the former does not depend on the thicknesses of the
plates, but the later does. Since 0 ≤ ∆n(ξ, k⊥) < 1 for all real ξ and k⊥, one can verify that
1−∆ne−2q0t
1− e−2q0t
is a decreasing function of t. Hence, the magnitude of the continuum mode contribution to the Casimir force due to
4D perfectly conducting boundary condition is an increasing function of the plate thicknesses. In fact, it is easy to
see that as the thicknesses of the plates goes to zero, the continuum mode contribution to the Casimir force goes to
zero. As the thicknesses of the plates goes to infinity, the continuum mode contribution to the Casimir force tends to
the limiting value
−AT
π
∞∑
n=1
∞∑
ℓ=0
′
∫ ∞
0
qn(ξℓ, k⊥)
∆n(ξℓ, k⊥)−2e2qn(ξℓ,k⊥)a − 1k⊥dk⊥.
IV. NUMERICAL ANALYSIS
From Section II and Section III, we find that the Casimir force acting on a pair of parallel plates in RS model can
be written as
F
‖
Cas,5D = F
‖
Cas,0 + 3F
‖
Cas,1
for 5D induced perfectly conducting condition, and as
F
‖
Cas,4D = F
‖
Cas,0 + 2F
‖
Cas,1 + F
‖,cont
Cas ,
for 4D perfectly conducting boundary condition. Here F
‖
Cas,0 is the Casimir force acting on a pair of parallel perfectly
conducting plates in 4D Minkowski spacetime, F
‖
Cas,1 is the correction to the Casimir force due to one discrete mode,
and F
‖,cont
Cas is the correction to the Casimir force due to a continuum mode.
In FIG. 3 and FIG. 4, we show graphically the dependence of the Casimir forces on the plate separation a. We
compare the Casimir force due to 5D induced perfectly conducting condition and the Casimir force due to 4D perfectly
conducting condition to the Casimir force in 4D Minkowski spacetime. The Kaluza-Klein masses mn are computed
numerically using bisection method. It is well-known that RS model was first proposed to solve the hierarchy problem
between the Planck and electroweak scales and this requires κR ≃ 12. For κR = 12 and the separation of the plates in
the range 50nm to 1µm, we find that the Casimir force in RS model differ considerably (> 1%) only if κ < 109 GeV.
In FIG. 3, we plot the graphs of the Casimir forces per unit area when κ = 107 GeV and κ = 106 GeV for T = 0K.
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FIG. 3: Comparisons between the Casimir pressure in the absence of extra dimension (P0), the Casimir pressure with 5D
induced perfectly conducting condition (P5D), and the Casimir pressure with 4D perfectly conducting condition (P4D). Here
T = 0K, tl = tr = 100nm, κR = 12, κ = 10
7GeV or 106GeV.
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FIG. 4: Same as FIG. 3 except T = 1000K.
In FIG. 4, we plot the graphs when T = 1000K. Numerical calculations show that the continuum mode correction
F
‖,cont
Cas is very insignificant compared to the discrete mode correction F
‖
Cas,1 when κ ≥ 106 GeV. The continuum
mode correction is at least 30 times smaller. Therefore, the correction to the Casimir force comes principally from the
discrete mode correction. Under 5D induced perfectly conducting condition, there are three discrete mode corrections.
Under 4D perfectly conducting condition, there are only two. Numerically, we find that at κ = 108 GeV, the ratio of
the discrete mode correction F
‖
Cas,1 to F
‖
Cas,0 is ∼ 6% when a = 50nm. Therefore, RS scenario gives ∼ 18% correction
to the 4D Casimir force if one considers 5D induced perfectly conducting condition, and ∼ 12% correction if one
considers 4D perfectly conducting condition. In fact, the corrections become larger when κ gets smaller. For example,
when κ = 106 GeV, the correction due to one discrete mode becomes ∼ 2000%. Compare FIG. 4 to FIG. 3, it is
interesting to note that the increase of temperature can reduce the percentage of correction.
V. PERTURBATION OF CASIMIR FORCE BY A NONCOMMUTATIVITY PARAMETER
In this section, we briefly comment on the effect of spacetime noncommutativity on the sign of Casimir force. For
simplicity, we only consider the zero temperature case here. As discussed in [21, 51, 52], in the simplest case, spacetime
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noncommutativity can lead to a modification of the zero temperature Casimir energy by
ET=0Cas =
1
2
∑
modes
ω =⇒ ET=0Cas =
1
2
∑
modes
ωe−ℓ
2
nc
ω2 ,
where ℓnc is the fundamental noncommutative length scale. The zero temperature Casimir effect of scalar field in
noncommutative RS model has been considered in [21], where the authors calculated the first order correction to the
Casimir force. In [53], we used another method which allows us to compute to all orders of the noncommutative
parameter ℓ2nc.
For electromagnetic field with 5D induced perfectly conducting conditions, the effect of spacetime noncommutativity
can be easily read from our previous result in [53] by taking p′ = h0 = 2, p = h = 3, which gives
F
‖,T=0
Cas,5D = −
Ah0
4π
5
2
∞∑
j=0
ℓ2jnc
(j + 1)
a2j+4
Γ
(
j +
5
2
)
ζR(2j + 4)− Ah
4π
5
2
∞∑
j=0
ℓ2jnc
Γ
(
j + 32
)
j!
×
{
1
aj+2
∞∑
k=1
∞∑
n=1
(j + 1)
(mn
k
)j+2
Kj+2(2kamn) +
1
aj+1
∞∑
k=1
∞∑
n=1
mj+3n
kj+1
(Kj+1(2kamn) +Kj+3(2kamn))
}
.
(48)
As explained in [53], the functions Γ(z),Kν(z) is always positive for z > 0, and the Riemann zeta function ζR(z) is
always positive for z > 1. Therefore, the Casimir force is always negative (attractive) to any orders of the perturbation
parameter ℓ2nc.
Next, we consider the 4D perfectly conducting condition. As discussed in Section III, the energy eigenmodes can
be divided into two discrete modes and one continuum mode. The contribution to the Casimir force from the discrete
modes can be obtained from the Casimir force under 5D induced perfectly conducting condition (48) by replacing
h = 3 with h0 = 2. It is easily seen from (48) that this discrete mode contribution is also always negative (attractive)
to any orders of the perturbation parameter ℓ2nc. For the continuum mode contribution, we use the same approach as
in [53]. Using zeta regularization, we find that
ET=0Cas =
µ2s
2
∑
modes
ω1−2se−ℓ
2
nc
ω2
∣∣∣∣∣
s=0
=
1
2
∞∑
j=0
(−1)j
j!
ℓ2jncµ
2s
∑
modes
ω2j+1−2s
∣∣∣∣∣∣
s=0
=
1
2
∞∑
j=0
(−1)j
j!
ℓ2jncµ
2sζ
(
s− j − 1
2
)∣∣∣∣∣∣
s=0
=
1
2
∞∑
j=0
(−1)j
j!
ℓ2jnc
(
FPs=−j− 1
2
ζ(s) + [logµ2]Ress=−j− 1
2
ζ(s)
)
=
∞∑
j=0
ℓ2jncE
T=0
Cas,j,
where the jth order term is
ET=0Cas,j =
(−1)j
2j!
(
FPs=−j− 1
2
ζ(s) + [logµ2]Ress=−j− 1
2
ζ(s)
)
.
Since the zeta function of a system ζ(s) (4) can be considered as taking only the ℓ = 0 term in the finite temperature
zeta function of the system ζT (s) (4), it is immediate to obtain from Section III that in the system I (see FIG. 2), the
zeta function of the continuum modes ζcont, I(s) is given by
ζcont, I(s) =ΛI1(s) + Λ
I
2(s),
where
ΛI1(s) =
A
2π2
∞∑
n=0
∫ ∞
0
{
(d1a + d1b + d1c)
∫ ∞
√
k2
⊥
+m2
n
x−2s√
x2 − k2⊥ −m2n
dx + (tl + tr)
∫ ∞
k⊥
x−2s√
x2 − k2⊥
dx
}
k⊥dk⊥,
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and
ΛI2(s) =
A sinπs
2π2
∞∑
n=0
∫ ∞
0
∫ ∞
0
ξ−2s
d
dξ
ln ΞI(ξ, k⊥)dξk⊥dk⊥,
where ΞI(ξ, k⊥) is defined in (41). The same reasoning as in Section III shows that Λ
I
2(s) is analytic for s < 1/2.
Therefore, for any nonpositive integer j,
Ress=−j− 1
2
ζcont, I(s) =Ress=−j− 1
2
ΛI1(s),
FPs=−j− 1
2
ζcont, I(s) =FPs=−j− 1
2
ΛI1(s) + Λ
I
2
(
−j − 1
2
)
.
The jth-order term of the continuum mode contribution to the Casimir energy of the parallel plate system is then
given by
E
‖,cont,T=0
Cas,j = lim
d1a,d1c,d2a,d2b,d2c→∞
d1b=a fixed
(
EI, cont,T=0Cas,j − EII, cont,T=0Cas,j
)
=
(−1)j
2j!
lim
d1a,d1c,d2a,d2b,d2c→∞
d1b=a fixed
([
FPs=−j− 1
2
ζcont, I(s)− FPs=−j− 1
2
ζcont, II(s)
]
+[logµ2]
[
Ress=−j− 1
2
ζcont, I(s)− Ress=−j− 1
2
ζcont, II(s)
])
.
As in Section III, d1a+ d1b+ d1c = d2a+ d2b+ d2c = L1− tl− tr implies that the contributions from the terms ΛI1 and
ΛII1 are the same for the two systems, and therefore cancel out after the subtraction. Therefore, the j
th-order term of
the continuum mode contribution to the Casimir energy of the parallel plate system is
E
‖,cont,T=0
Cas,j =
(−1)j
2j!
lim
d1a,d1c,d2a,d2b,d2c→∞
d1b=a fixed
(
ΛI2
(
−j − 1
2
)
− ΛII2
(
−j − 1
2
))
=− A
4π2j!
∞∑
n=1
∫ ∞
0
∫ ∞
0
ξ2j+1
d
dξ
ln
{
1− ∆
2
n
(
1− e−2q0tl) (1− e−2q0tr)
(1−∆2ne−2q0tl) (1−∆2ne−2q0tr )
e−2qna
}
dξk⊥dk⊥
=
A(2j + 1)
4π2j!
∞∑
n=1
∫ ∞
0
∫ ∞
0
ξ2j ln
{
1− ∆
2
n
(
1− e−2q0tl) (1− e−2q0tr)
(1−∆2ne−2q0tl) (1−∆2ne−2q0tr )
e−2qna
}
dξk⊥dk⊥;
and the jth-order term of the continuum mode contribution to the Casimir force acting on the parallel plates is
F
‖,cont,T=0
Cas,j =−
∂E
‖,cont,T=0
Cas,j
∂a
=− A(2j + 1)
2π2j!
∞∑
n=1
∫ ∞
0
∫ ∞
0
ξ2jqn
{(
1−∆2ne−2q0tl
) (
1−∆2ne−2q0tr
)
∆2n (1− e−2q0tl) (1− e−2q0tr )
e2qna − 1
}−1
dξk⊥dk⊥,
which is always (negative) attractive.
In conclusion, we find that to any order of the noncommutative parameter ℓ2nc, the Casimir force on parallel
perfectly conducting plates is always attractive, whether we consider 5D induced or 4D perfectly conducting boundary
conditions.
VI. CONCLUSION
In this article, we compute the finite temperature Casimir force acting on a pair of parallel perfectly conducting
plates in Randall-Sundrum model. Contrary to the previous related works, we do not use scalar field analogy here.
There are two ways to interpret perfectly conducting condition in this model. One is induced from the 5D perfectly
conducting condition. The other one that we call 4D perfectly conducting condition requires dimensional reduction
to decompose the electromagnetic field in the 5D model into a Kaluza-Klein zero mode and a tower of Kaluza-
Klein excitation modes, treated as 4D Maxwell field for massless photons and 4D Proca fields for massive photons
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respectively. We have shown that the 5D induced perfectly conducting condition and the 4D perfectly conducting
condition give rise to different Casimir effect. Under 5D induced perfectly conducting condition, the Casimir force in
RS model is the sum of the 4D Casimir force and three discrete mode corrections. Under 4D perfectly conducting
condition, the Casimir force in RS model is the sum of the 4D Casimir force with two discrete mode corrections and
one continuum mode correction. Although our zero temperature Casimir force for 5D induced perfectly conducting
condition is similar to the result of [16], we would like to emphasize that the Kaluza-Klein masses for electromagnetic
field are different from the Kaluza-Klein masses for scalar field used in [16].
We have shown that the magnitude of a continuum mode correction to the Casimir force is always less than the
magnitude of a discrete mode correction to the Casimir force. Therefore, the magnitude of the Casimir force due to
4D perfectly conducting condition is always less than the magnitude of the Casimir force due to 5D induced perfectly
conducting condition. Numerically, the continuum mode correction to the Casimir force is much smaller than the
discrete mode correction. Therefore, there is a significant difference between the Casimir forces under 5D induced
condition and under 4D condition. It is interesting to note that the continuum mode contribution to the Casimir
force under 4D perfectly conducting condition depends on the thicknesses of the plates. It goes to zero when the
thicknesses of the plates go to zero, and it increases to a limiting value when the thicknesses increase.
Under either 5D induced or 4D perfectly conducting conditions, we find that the corrections to the 4D Casimir force
always increase the magnitude of the attractive Casimir force. A brief section is devoted to the study of perturbation
of the Casimir force by a noncommutative parameter. It is established that the perturbation due to noncommutativity
does not change the attractive nature of the Casimir force.
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